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Recently, two-dimensional band insulators with a topologically nontrivial (almost) flat band in
which integer and fractional quantum Hall effect can be realized without an orbital magnetic field
have been studied extensively. Realizing a topological flat band generally requires longer range
hoppings in a lattice Hamiltonian. It is natural to ask what is the minimal hopping range required.
In this paper, we prove that the mean hopping range of the flat-band Hamiltonian with Chern
number C1 and total number of bands N has a universal lower bound of
√
4|C1|/piN . Furthermore,
for the Hamiltonians that reach this lower bound, the Bloch wavefunctions of the topological flat
band are instanton solutions of a CPN−1 non-linear σ model on the Brillouin zone torus, which are
elliptic functions up to a normalization factor.
Introduction - - The integer and fractional quantum
Hall (IQH and FQH) effects were discovered in 2D elec-
tron gas in a strong uniform magnetic field. In the semi-
nal work of Thouless et al1, the Hall conductivity quan-
tization in integer quantum Hall states was shown to
be determined by a topological index, the first Chern
number C1 of the momentum space geometrical gauge
field. This observation suggests that topological nontriv-
ial bands and quantum Hall effect can be defined not
only in Landau level (LL) problems but also in generic
band insulators. The first band insulator model with a
nontrivial band was proposed by Haldane2. Such a band
with nonzero Chern number is usually called a Chern
band. The systems with fully filled Chern bands are
called Chern Insulators. When a Chern band is flat and
partially filled, electron correlation effect is important,
and topological states analogous to FQH states have been
proposed3–15. Such systems are called fractional Chern
insulators (FCI), and the corresponding FQH effect in
lattice models is called fractional quantum anomalous
Hall (FQAH) effect.
In these previously studied models, nearly flat bands
are obtained in tight-binding models with hopping terms
between nearest neighbor and several further neighbor
sites3–5. The band width can be tuned narrower by allow-
ing longer range hoppings. To understand the hopping
range condition of a topologically nontrivial flat band,
in this paper, we take an alternative approach: we con-
sider Chern insulators with exactly flat nontrivial bands,
and ask how short-ranged it can possibly be. It is con-
ceivable that such a Hamiltonian must contain arbitrarily
long range hopping terms to guarantee this exact flatness.
To characterize how much these Hamiltonians resemble
the ones with only finite range hoppings, the mean hop-
ping range (MHR) of a Hamiltonian is introduced. We
find that the MHR of flat band Hamiltonian can be in-
terpreted as the action of a non-linear σ model defined
in the Brillouin zone, and minimizing MHR for a given
Chern number is exactly equivalent to finding the classi-
cal solutions of the non-linear σ model within the given
topological sector. The solution of the latter problem is
known to be the instanton solutions, so that we obtain
the universal lower bound of MHR and the correspond-
ing flat band Hamiltonians that are maximally localized.
In the following, we shall first discuss the two-band mod-
els, and then, generalize the discussion to the multi-band
case.
Two-band Models - A generic two-band Hamiltonian
takes the form: Hˆ =
∑
k
c†
k
h(k)ck, where ck has two
components and h(k) can be expanded in terms of the
identity operator 12×2 and the three Pauli matrices
σx,y,z. Assuming that all bands are perfectly flat, we can
consider h(k) of only the following form without losing
generality:
h(k) = −n(k) · σ, (1)
where n(k) is a three-component real vector of unit
length. Clearly, the spectrum is gapped everywhere.
When the lower band is fully occupied, the system is
an insulator. The Chern number of the lower band is
given by
C1 =
1
4π
∫
d2k n · (∂xn× ∂yn) , (2)
where ∂x,y is the derivative with respect to kx,y, namely
the x and y components of the wavevector k. This for-
mula implies that the Chern number is equal to the wind-
ing number of the map n(k) : T 2 → S2, where T 2 is the
Brillouin zone (BZ). Here and below we will focus on the
bands with Chern number C1 ≥ 0 since those with C1 < 0
can always be mapped to bands with Chern number −C1
by taking a complex conjugation h(k)→ h∗(k).
The question we want to address is how localized the
flat-band Hamiltonian h(k) is in the real space. Thus,
we write hij =
∫
d2k
(2pi)2 h(k)e
ik·(Ri−Rj), where hij is the
coefficient of hopping term from site i located at Ri to
site j at Rj and V is the volume of the system. Unlike
the usual cases, the flat-band Hamiltonian does not have
a hard cut-off in the range of non-zero hopping. hij is
2generically nonzero for any |Ri − Rj|. However, since
h(k) is gapped and smooth as a function of k, we expect
hij to be quasi-local in the sense that it decays exponen-
tially with the increase of |Ri −Rj |. To characterize its
extent of locality, we introduce the MHR of the Hamil-
tonian:
〈R2〉 ≡
∑
i,j Tr[h
†
ijhij ](Ri −Rj)2∑
i,j Tr[h
†
ijhij ]
=
∑
k
Tr[(∂kh(k))
2]∑
k
Tr[h(k)2]
,
(3)
where the second equality is obtained by Fourier trans-
form from real space to k-space. For the two-band mod-
els, we plug Eq. 1 in and obtain
〈R2〉 =
∫
d2k
(2π)2
∂µn · ∂µn. (4)
The R.H.S. of the equation takes exactly the same form as
the action of a 2D O(3) nonlinear sigma model (NLσM)
defined in k-space. Also, we notice that the expression
of Chern number C1 can be interpreted as the instanton
number in O(3) NLσM, which provides a lower bound of
the NLσM action16 due to the following identity:
〈
R
2
〉− 2C1
π
=
∫
d2k
8π2
(∂µn+ ǫµνn× ∂νn)2 ≥ 0 (5)
Thus the minimal MHR is
√
〈R2〉 =
√
2C1/π. The
lower bound can be reached when the instanton equa-
tion ∂µn = −ǫµνn× ∂νn is satisfied. We will refer to the
Hamiltonians that satisfy this lower bound as maximally
localized flat-band Hamiltonians (MLFH).
The instanton equation is solved by the ansatz:
nx + iny =
2φ
1 + |φ|2 , nz =
1− |φ|2
1 + |φ|2 , (6)
with φ an arbitrary holomorphic function of the complex
variable k = kx + iky. Due to the periodicity of n(k),
φ(k) should be a doubly periodic function on the complex
plane, i.e. φ(k) = φ(k + 2π) = φ(k + 2πi). This type of
function is called elliptic function in complex analysis.
The Chern number C1 is simply determined by the
pole structure of φ(k). As is discussed above, the Chern
number of the two-band model is the winding number
of the map n(k) : T 2 → S2, which can be obtained by
counting the number of times the map sweeps across a
specific point on S2, say the south pole, while taking
care of the signs of the Jacobian at the preimage of it.
The south pole of S2 corresponds to the poles of φ(k).
Thus, the number of poles of φ(k) in the BZ, counting the
multiplicity (e.g. an second order pole will be counted as
2), equals the Chern number C1. Elliptic functions must
have at least two poles in the BZ, so that the lower bound
2/π cannot be reached for C1 = 1.
Multi-band Models - The results above can be directly
generalized to arbitrary number of bands. A system with
1 flat bands with energy −1 and N − 1 other flat bands
with energy +1 is described by the following Hamilto-
nian:
h(k) = 1N×N − 2|1,k〉〈1,k|, (7)
where |1,k〉 is an N -component spinor that denotes the
Bloch state in the lowest band. Denote |α〉, α = 1, 2, .., N
as a local basis in the Hilbert space, The Bloch wavefunc-
tion is denoted by zα(k) = 〈α|1,k〉. The N -dimensional
normalized spinor zα(k) can be viewed as a CP
N−1
field on the Brillouin zone. The Berry connection is
ai = −iz†∂iz, and the Chern number is defined as
C1 =
1
2pi
∫
d2k ǫij∂iaj . In terms of z(k), the MHR in
Eq. 3 becomes
〈R2〉 = 2
Nπ2
∫
d2k(Diz)
†(Diz), (8)
with Di = ∂i − iai. Similar to the two-band case, the
MHR takes the same form as the action of a CPN−1
model, and thus its lower bound is given by the instanton
solution:
〈R2〉 − 4
Nπ
C1 =
2
Nπ2
∫
d2k(D¯z)†D¯z ≥ 0 (9)
with D¯ = Dx + iDy. For N = 2, CP
1 = S2 and we
restores the result in the two-band models.
The MLFH’s are determined by the instanton equation
D¯z = ∂k¯z − (z†∂k¯z)z = 0, which is solved by the ansatz:
zα(k) = f(k, k¯)φα(k), α = 1, 2, ..., N. (10)
where φα(k) are holomorphic functions and f(k, k¯) =√
φ∗α(k)φα(k) is a normalization factor (The repeated in-
dex is summed over). Due to the periodicity of h(k) as
a function of k, we again find that φα(k)’s are all ellip-
tic functions. We can always take out an overall factor
and require φ1 = 1, so that the independent degrees of
freedom are N − 1 holomorphic functions, in consistency
with the N = 2 case in Eq. (6).
Similar to the two-band case, the Chern number can be
simply determined by the pole structure of φα. As shown
in Fig. 1 (a), the Chern number can be translated into a
loop integral C1 =
1
2pi
(∮
∂BZ
+
∑
s
∮
Csα
)
a ·dk with ∂BZ
the boundary of the BZ and Csα the contours around all
poles ksα of φα. (Without losing generality we assume
that no pole is at the Brillouin zone boundary.) Due to
the periodicity of z(k) and thus that of ai(k), the contour
integral around ∂BZ vanishes. In the vicinity of ksα, we
have zα ∼ (k − kα,i)/|k − kα,i| and zβ ∼ 0 for all other
components. Evaluating the contour integral around Csα
we obtain C1 =
∑
αNα with Nα the number of poles of
φα, counting multiplicity.
For C1 < 0, exactly parallel analysis leads to the
lower bound 4|C1|/Nπ, and the wavefunctions are anti-
holomorphic elliptic functions of kx + iky up to normal-
ization.
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FIG. 1. Example of a two-band MLFH with Chern number
2. (a) The color plot of |φ(k)| in Eq. (6). The red curves
stand for the boundary of the Brillouin zone and the contours
around the poles of φ(k). (b) The gauge curvature fxy in the
Brillouin zone.
Conclusion and discussions - In conclusion, we have
studied the N -band models with all bands flat and only
the lowest band occupied. We find that the mean hop-
ping range of such Hamiltonians with Chern number C1
has a lower bound
√
〈R2〉 =
√
4|C1|/(Nπ). For |C1| > 1,
the bound is saturated by Hamiltonians satisfying an
instanton equation, of which all the components of the
lowest band Bloch wavefunction are elliptic functions up
to a normalization factor. The elliptic function form of
the wavefunctions provides a simple of way of calculating
Chern numbers, and it may lead to interesting properties
of the Wannier states and real-space coherent states of
the Chern bands10,15. This might connect to a differ-
ent illustration of the mean hopping range proposed in
Ref.17.
The exact lower bound we obtain is consistent with two
explicit constructions of almost-flat band models with
Chern number N proposed recently: the one with N
bands and only nearest neighbor hopping14, and the one
with two bands and maximal hopping range
√
2N18. In
the continuum limit N → ∞, it is possible to have ex-
actly flat Chern bands with only local terms, such as
the Landau level Hamiltonian. However, Landau level
Hamiltonian is not the N → ∞ limit of the MLFH’s
found here, since each Landau level has Chern number 1.
For |C1| = 1 systems, the MHR lower bound
√
4/(Nπ)
cannot be reached, and it would be interesting to find
the actual lower bound. We have only considered Hamil-
tonians with all bands flat. An open question is whether
smaller hopping range is possible by allowing the unoc-
cupied bands to be non-flat.
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